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Abstract 
 This paper aim to describe a number of simplifications that can be 
made to the Lorenz system that preserve its dynamics as well as a number of 
chaotic systems. The butterfly effect was proven. The solution of differential 
equation and Lorenz Attractor were investigated. This study compares the 
dynamical behaviors of the Lorenz system with complex variables to that of 
the standard Lorenz system involving real variables. Different 
methodologies, including the Lyapunov exponents spectrum, the bifurcation 
diagram, the first return map to the Poincare section, topological entropy, 
periodic and quasi- periodic phase portraits, and chaotic behavior of the 
resulting system were discussed in Matlab.
 
Keywords: Lorenz system, chaos, Lyapunov exponents, attractor, 
bifurcation. 
 
1. Introduction 
Chaos is an umbrella term for various complex behaviors of solutions 
based on a relatively simple and deterministic systems. The study of chaos 
came into play in the 1970s with the work of Edward Lorenz. Edward 
Lorenz thought he had discovered the mathematically simplest system of 
ordinary differential equations which was capable of producing chaos. 
Lorenz (1963) equations became a paradigm of chaos, and the accompanying 
strange attractor (Figure 1). This serendipitously resembles the wings of a 
butterfly and it became an emblem for early chaos researchers. Lorenz did 
not set out to discover chaos, but rather he was attempting to find a system of 
equations whose solutions were more complicated than periodic. After he 
found such a system, the sensitive dependence on initial conditions (the 
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“butterfly effect”) came as a surprise. However, he quickly realized its 
significance. 
The equations he derived after reducing an original 12-dimensional 
system for modeling atmospheric convenction to three dimensions is given 
as (Saltzman,1962): 
?̇? = 𝜎(𝑦 − 𝑥)
                                                               ?̇? = −𝑥𝑧 + 𝑟𝑥 − 𝑦                                                (1)
?̇? = 𝑥𝑦 − 𝑏𝑧
 
Where, the overdot denotes a time derivative (ẋ =
𝑑𝑥
𝑑𝑡
, 𝑒𝑡𝑐. ). Three 
variables (𝑥, 𝑦 and 𝑧) are needed because of the Poincare-Bendixson 
theorem. Hirsch, et al. (2004) states that the most complicated dynamic that 
can occur with only  two variables is periodic. The fact that there are three 
parameters, which Lorenz took as 𝜎 =  10, 𝑟 =  28, and 𝑏 =  8/3, is no 
coincidence. One can linearly re-scale the variables 𝑥, 𝑦, 𝑧 and t so that four 
of the seven terms on the right hand side of Eq. (1) have coefficients of 1.0. 
The choice of where to put the remaining coefficients is arbitrary, but Lorenz 
chose them to represent the Prandtl number (𝜎), the Rayleigh number (𝑟), 
and the aspect ratio of the convection cylinders (b). For the values used by 
Lorenz, the Lyapunov exponents (sprott, 2003) is given as λ= 0.9056, 0, -
14.5723. This system has been widely studied and there is a whole book 
devoted to it (Sparrow, 1982). Nevertheless, it has not been widely known 
that it can be simplified in several ways. 
 
 
 
 
 
 
 
 
 
 
Figure 1. The Lorenz attractor 
 
2. Butterfly Effect in Lorenz System 
A trivial simplification is to set one or more of the three parameters 
to 1.0. There are three ways to do this without destroying the chaos: 
(𝑟, 𝜎, 𝑏) = (4,16, 1), (1, 16, 0.03) and (1,−17,−1). The attractors for these 
three cases preserve the double-lobe structure of the Lorenz system as shown 
in the Figure 2 𝑎 − 𝑐, respectively. The Lyapunov exponent is given as 𝜆 =
(0.3359, 0, −6.3359), (0.0531, 0,−2.0831), and (0.0629, 0, −1.0629), 
respectively. Note that while all the figures in this paper are called 
“attractors”, they are actually just a portion of a typical three- dimensional 
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trajectory. They are on the attractor  projected onto a plane of two of the 
variables with the third variable displayed in shades of gray and with a subtle 
shadow to give an illusion of depth. 
The Lorenz system is slightly inelegant in the sense that both the time scale 
and the attractor size depend on the parameters. Each of the parameters has 
dimensions of inverse time. Thus, equation i can be put in dimensionless 
form by the linear transformation 𝑥 → √𝜎𝑟𝑥, 𝑦 → √𝜎𝑟𝑦, 𝑧 → √𝜎𝑟𝑦 + 𝑟 and, 
𝑡 → 𝑡 √𝜎𝑟⁄ , leading to the system;  
ẋ =  𝛼(𝑦 − 𝑥) 
?̇? = −𝑥𝑧 − 𝛾𝑦                                                      (2) 
 ?̇? =  𝑥𝑦 − 𝛽 𝛼⁄ − 𝛽𝑧, 
Here, the new dimensionless parameters are given in terms of the old 
ones by  𝛼 =  √(𝜎/𝑟) , 𝛾 =  1/√(𝜎𝑟 ) , and  𝛽 =  𝑏/√(𝜎𝑟) . While this system 
still has seven terms and two nonlinearities, the parameter space over which 
it is chaotic is now bounded with its maximum Lyapunov exponent of 𝜆 =
 (0.0713, 0, −0.6493) 𝑎𝑡 (𝛼, 𝛾, 𝛽)  =  (0.3, 0.028, 0.25) (Sprott, 2007). More 
significantly, Eq. 2 has chaotic solutions even for 𝛾 = 0 with values such as 
(𝛼, 𝛾, 𝛽)  = (0.6, 0, 0.3). Also, the lyapunov exponents is given as 𝜆 =
  (0.0645, 0, −0.9645) with an attractor as shown in Figure 2d. Thus, the 
Lorenz system can be reduced to one with only six terms and two 
parameters. 
 
Figure  2. Simplified variants of the Lorenz attractor 
 
It turns out that one can do even better by transforming Equation 1 as 
follows: 𝑥 →  𝜎𝑥, 𝑦 →  𝜎𝑦, 𝑧𝑦 →  𝜎𝑧 + 𝑟, and 𝑡 →  𝑡/𝜎 . Then, we can take 
𝑟, 𝜎 → ∞  in such a way that 𝑘 =  𝑏𝑟/𝜎2 remains finite, leading to the 
diffusionless Lorenz system by van der Schrier and Mass(2000). 
ẋ = 𝑦 − 𝑥 
?̇? = −𝑥𝑧                                                  (3) 
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  ?̇? =  𝑥𝑦 – 𝑅, 
Furthermore, this is chaotic for a wide range of the single parameter 
R including R = 1 as shown in Figure 2e with lyapunov exponents 𝜆 =
 (0.2101, 0, −1.2101). Its attractor has the familiar two-lobe structure of the 
Lorenz system. This is with a higher Kaplan-Yorke dimension (Kaplan & 
Yorke, 1979) of 𝐷𝐾𝑌 = 2.1736 in contrast to the case in Figure 1 whose 
dimension is given as 𝐷𝐾𝑌 =  2.062. In fact, the system in Eq. 3 has its 
maximum dimension of 𝐷𝐾𝑌 = 2.2354 at 𝑅 =  3.4693 (Sprott, 2007), which is 
significantly higher than any other variant of the Lorenz system. A similar 
two-lobe attractor as shown in Figure 2f  is obtained if the xy term in Eq. 3 is 
replaced by 𝑦2. Both of these forms were first discovered in a systematic 
search for chaotic system with only five terms and two quadratic 
nonlinearities (Sprott, 1994). They represent a significant simplification of 
the original Lorenz system since they have two fewer terms and a single 
parameter (𝑅) with chaos for 𝑅 =  1. 
 
3. Differential Equation in Lorenz System 
In this section, we will present a few elementary properties of the 
Lorenz system in order to try to visualize the geometry of the 
solutions. 
 
Definition 3.1.   
1)  An  n-dimensional autonomous system of ordinary differential equations 
is a system given as: 
                                        
𝑑𝑥1
𝑑𝑡
= 𝑓1(𝑥1(𝑡), 𝑥2(𝑡), … . , 𝑥𝑛(𝑡))         
. 
                                      .                                  (4) 
. 
𝑑𝑥𝑛
𝑑𝑡
= 𝑓𝑛(𝑥1(𝑡), 𝑥2(𝑡), … . , 𝑥𝑛(𝑡)) 
Thus, we will adopt the shorthand 𝑋 = 𝐹(𝑥) where 𝑋 is the vector 𝑥1𝑥2…𝑥𝑛. 
 
2) 𝑋 = 𝑥1…𝑥𝑛 is an equilibrium point if 𝑓𝑖 = (𝑥1…𝑥𝑛) = 0 for all 𝑖. It is 
stable or a sink if there is a neighborhood U of X. This is such that if 𝑌 ∈ 𝑈, 
the solution through 𝑌 stays in 𝑈 for all time and tends to 𝑋. 𝑋 is unstable or a 
source if for all 𝑌 ∈ 𝑈/{𝑋}, the solution through 𝑌 eventually leaves 𝑈. 
Otherwise, 𝑋 is a saddle-node. 
 
Remark 3.2.This section assumes familiarity with n-dimensional linear 
systems of ordinary differential equations and in particular, how to determine 
if an equilibrium point of a linear system is a source, sink, or saddle-node 
from the eigenvalues. An excellent introductory text was opined by Morris 
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W. Hirsch (2004). Subsequently, we will also make use of the following 
lemma.The details of the proof can be found in Stephen Smale and Robert L. 
Devancy (2004). 
 
Lemma 3.3. Let 𝑥0 be an equilibrium solution to 𝑋 = 𝐹(𝑋). The linearization 
about 𝑋 is the system ?̇? = 𝐷𝐹𝑥0𝑌 where 𝐷𝐹𝑥0 refers to the jacobian matrix 
evaluated at the point 𝑥0. Linearization preserves the nature of equilibria. 
Definition 3.4. The Lorenz system is the 3-dimensional autonomous system 
of ordinary differential equations given by: 
?̇? = 𝜎(𝑦 − 𝑥) 
?̇? = 𝑟𝑥 − 𝑦 − 𝑥𝑧 
?̇? = 𝑥𝑦 − 𝑏𝑧 
where 𝜎 > 0 is the Prandtl number; 𝑟 > 0 is the Rayleigh number; and 𝑏 > 0 
is a constant related to the size of the system. We also require 𝜎 > 𝑏 + 1. The 
derivation of the Lorenz system and an explanation of the constants is 
contained in Robert C. Hilborn (2000). Thus,we will now list and prove 
some of the properties of the Lorenz system. First, we will show that 
solutions to the system are either symmetric or they have a symmetric 
partner. 
Proposition 3.5. (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) is a solution, so is (−𝑥(𝑡), −𝑦(𝑡), 𝑧(𝑡)) (i.e. 
reflection through the 𝑧 − axis  preserves the vector field). 
Proof. Let (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) be a solution. Then, we have 
?̇?(𝑡) =  𝜎(𝑦(𝑡) − 𝑥(𝑡)) 
⟹ −?̇?(𝑡) =  𝜎(−𝑦(𝑡) − (−𝑥(𝑡)) 
?̇?(𝑡) = 𝑟𝑥(𝑡) − 𝑦(𝑡) − 𝑥(𝑡)𝑧(𝑡) 
⟹ −?̇?(𝑡) =  𝑟(−𝑥(𝑡) − (−𝑦(𝑡)) − (𝑥(𝑡))𝑧(𝑡) 
 ?̇?(𝑡) =  𝑥(𝑡)𝑦(𝑡) − 𝑏𝑧(𝑡) 
⟹ ?̇?(𝑡) =  (−𝑥(𝑡))(−𝑦(𝑡))𝑏𝑧(𝑡) 
Therefore, (−𝑥(𝑡), −𝑦(𝑡), 𝑧(𝑡)) is regarded also as a solution.  
Next, we will determine the nature of equilibria solutions. 
 
Proposition 3.6. The origin is an equilibrium point that is a sink for 0 ≤ 𝑟 < 1. 
 
Proof. It is clear that if 𝑥 = 𝑦 = 𝑧 = 0, then ?̇? = ?̇? = ?̇? = 0. By the lemma 
above, the linearization about the origin gives the system ?̇? = ( −𝜎     𝜎      0
 0           0       −𝑏
𝑟        −1         0 )𝑌 
which has eigenvalues expressed as −𝑏,⋋ ± =  −(𝜎+1)±√(𝜎+1)
2−4𝜎(1−𝑟)
2
, then 0 ≤ 𝑟 <
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1, 𝑡ℎ𝑒𝑛 ⋋ ± < 0. However, the origin is a sink. In fact, all solutions will tend to 
the origin which is called a global attractor. 
 
Proposition 3.7. If 𝑟 > 1, there are two additional equilibria at 𝑄 ± =
(±√𝑏(𝑟 − 1),± √𝑏(𝑟 − 1), 𝑟 − 1) 𝑄 ± which are sinks if  1 < 𝑟 <  𝜎 ((𝑎+𝑏+3)𝜎−𝑏−1 ). 
 
Proof. It is easy to check that these are equilibria. By linearizing around 𝑄 ±, 
we find that the eigen values satisfy the polynomial: 
𝑓(⋋) = ⋋3+ (1 + 𝑏 + 𝜎) ⋋2+ 𝑏(𝜎 + 𝑟) ⋋ +2𝑏𝜎(𝑟 − 1) = 0 
When 𝑟 = 1, the roots are 0,−𝑏 and −𝜎 − 1. For 𝑟 > 1, we expect the roots to 
be close to these values and, in particular, to be real. Noting that if 𝑟 > 1 and 
one of the roots 𝜆 ≥ 0, then 𝑓(𝜆)  > 0. Therefore, the three roots of 𝑟 > 1 
must be negative. This proves the lower bound. To prove the upper bound, 
𝑄 ± becomes unstable when one of the eigenvalues has zero real part. This 
cannot happen for real roots. As a result, the roots must take the form ±𝑖𝑤 
with 𝑤 ≠ 0 solving 𝑓(𝑖𝑤) = 0 which yields the desired result.  
These equilibria are surrounded by an unstable limit cycle visualized 
in Figure 3. As 𝑟 →  𝜎 (
𝜎+𝑏+3
𝜎−𝑏−1
) the limit cycle shrinks until it is absorbed by 
the fixedpoint, which then becomes a saddle-node. This is known as a Hopf 
bifurcation. A partial bifurcation diagram is shown in Figure 10, where solid 
lines indicate a stable periodic solution and dashed lines indicate an unstable 
periodic solution. Thus, we see that there is no stable periodic solution for 
𝑟 >  𝜎 (
𝜎+𝑏+3
𝜎−𝑏−1
). One may naively guess that trajectories after this point are 
repelled out to infinity. Nevertheless, this is not the case, 
as we will see in the next proposition. 
 
Figure 3. 
 
Figure 4. Bifurcation Diagram 
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Proposition 3.8. Let 𝑉(𝑥, 𝑦𝑥𝑞) = 𝑟𝑥2 + 𝜎𝑦2 +  𝜎(𝑧 − 2𝑟)2 = 𝑣 be the 
ellipsoid centered at (0,0,2𝑟). There exists 𝑣* such that any solution that 
starts outside 𝑉(𝑥, 𝑦, 𝑧) = 𝑣* eventually enters and stays there for all time. 
 
Proof. We want to show that for 𝑣 ≥ 𝑣*, we have 𝑉′ < 0 
𝑉 = −2𝜎 (𝑟𝑥2 + 𝑦2 + 𝑏(𝑧2 − 2𝑟𝑧)) =  −2𝜎 (𝑟𝑥2 + 𝑦2 + 𝑏(𝑧 − 𝑟)2 − 𝑏𝑟2). 
The equation 𝑟𝑥2 + 𝑦2 + 𝑏(𝑧 − 𝑟)2 − 2𝑏𝑟2 is an ellipsoid. Choosing 𝑣* large 
enough such that the ellipsoid 𝑉 = 𝑣* strictly contains this ellipsoid in its 
interior.  
 
4. Chaos on the Lorenz Attractor 
 
Definition 4.1. A closed set A is an attractor if: 
1) A is invariant.  
2) There is an open set U containing A such that if 𝑋 ∈ 𝑈, then the distance 
from 𝑋 to 𝐴 tends to zero as 𝑡 →  ∞. In other words, A attracts an open set of 
initial conditions.  
3) A is minimal (i.e. there is no proper subset of A that satisfies both (1) and 
(2)). An attractor is strange if it has a fractal structure. An attractor is chaotic 
if it exhibits sensitive dependence on initial conditions. 
 
Figure 5. The Lorenz Attractor 
Figure 5 displays one solution that has been projected onto the 𝑥𝑧-
plane, which gives us a sense of the geometrical shape of the Lorenz 
attractor. The trajectory spirals around 𝑄− several times before crossing over 
to spiral around 𝑄+. It continues to switch back and forth for all time, with 
the number of circuits, made on each side, varying as if it they were random. 
The first interesting property of the Lorenz attractor is that it has no volume, 
which we will demonstrate in the following proposition. 
 
Proposition 4.2. The Lorenz system contracts volumes. 
Proof. Let us suppose 𝐷 is a region in ℝ3 with a smooth boundary and let 
𝐷(𝑡) denote the image of 𝐷 as it evolves according to the Lorenz equation. 
Let 𝑉(𝑡) be the volume of 𝐷(𝑡). By Liouoville’s theorem, we have: 
European Scientific Journal March 2017 edition vol.13, No.9 ISSN: 1857 – 7881 (Print) e - ISSN 1857- 7431 
445 
𝑑𝑉
𝑑𝑡
+ ∫ 𝑑𝑖𝑣 𝐹 𝑑𝑥 𝑑𝑦𝑑𝑧
 
𝐷(𝑡)
 
Where the divergence of a vector field 𝐹(𝑥)  is given by div  
𝐹 =  ∑
𝜕𝐹𝑖
𝜕𝑥𝑖
3
𝑖=1
(𝑋) 
Plugging in the divergence for the Lorenz system, we have: 
𝑑𝑉
𝑑𝑡
= −(𝜎 + 1 + 𝑏)𝑉 ⟹ 𝑉(𝑡) = 𝑒−(𝐽+1+𝑏)𝑡𝑉(0) 
Therefore, any volume contracts exponentially fast to 0. A system that 
contracts volumes is called dissipative. 
 
Corollary 4.3. The volume of the Lorenz attractor is 0. Next, we will show 
that the Lorenz attractor is chaotic by redefining Lyapunov exponents for an 
n-dimensional system of differential equations. 
 
Definition 4.4. Consider the evolution of an infinite simal sphere of initial 
conditions, the sphere becomes an infinite simal ellipsoid. Let 𝛿𝑘(𝑡) denote 
the length of the principal axis of the ellipsoid. If 𝛿𝑘(𝑡) ≈ 𝛿𝑘(0)𝑒
⋋𝑘𝑡 ,  then 
the ⋋𝑘 is called the Liapunov exponents. Let ⋋ = max{⋋𝑘}. 
 
Figure 6. 
 
Figure 7. The Lorenz Map 
 
Remark 4.5. Let 𝑥(0) be a point on the attractor and let 𝑥(0) + 𝛿(0) be a 
nearby point. Let 𝛿(𝑡)be the separation in the two orbits at time t. Then, 
|𝛿(𝑡)| ≈ |𝛿(0)|𝑒𝜆𝑡. A plot of  𝑙𝑛 𝛿(𝑡) versus t is shown in Figure 6. The initial 
slope is 𝜆 ≈ 0.9. Eventually, the plot saturates, or levels off, since the 
European Scientific Journal March 2017 edition vol.13, No.9 ISSN: 1857 – 7881 (Print) e - ISSN 1857- 7431 
446 
maximum distance possible on the attractor has been achieved. As before, a 
positive λ indicates sensitive dependence on initial conditions. Therefore, the 
Lorenz attractor is chaotic. Next, we will examine the Lorenz map as a 
beautiful result that emerges out of the chaotic behavior. 
 
Definition 4.6. Lorenz noted that the trajectory appeared to only leave one 
spiral after reaching a threshold distance from the center. Moreover, the 
amount by which the threshold is exceeded seemed to determine the number 
of spirals in the next circuit. Lorenz defined 𝑧𝑛 to be the nth local maximum 
of 𝑧(𝑡) and plotted  𝑧𝑛+1 versus 𝑧𝑛. The result is plotted in Figure 13. Thus, 
we will denote this function 𝑓 and define the Lorenz map as  𝑧𝑛+1 = 𝑓 ( 𝑧𝑛).  
It is difficult to distinguish between chaotic behavior and a trajectory that 
eventually settles down and becomes periodic. No argument has yet been 
made that has shown that the latter case does not occur for the Lorenz 
system. However, we can show, in the following proposition, that if the 
Lorenz system has any closed orbits, they must necessarily be unstable. 
 
Proposition 4.7. If the Lorenz system has any closed orbits, they are 
unstable. 
 
Proof. Consider the sequence of {𝑧𝑛} corresponding to a closed orbit, the 
sequence must eventually repeat. So let 𝑧𝑛+𝑝 = 𝑧𝑛 consider the fate of a 
perturbation to the closed orbit that passes through 𝑧𝑛 + 𝜂𝑛. 
 Let 𝜂𝑡 denote the distance from the closed orbit. Then, by linearization 
around 𝑧𝑛, we have: 
 𝑧𝑛+1 + 𝜂𝑛+1 = 𝑓(𝑧𝑛 + 𝜂𝑛) = 𝑓(𝑧𝑛) + ?̇?(𝑧𝑛)𝜂𝑛 = 𝑧𝑛+1 + ?̇?(𝑧𝑛)𝜂𝑛  ⟹ 𝜂𝑛+1 ≈ ?̇?(𝑧𝑛)𝜂𝑛. 
Similarly, we have: 𝜂𝑛+2 ≈ 𝑓̇(𝑧𝑛+1)𝜂𝑛+1 = 𝑓
̇(𝑧𝑛+1)𝑓̇(𝑧𝑛)𝜂𝑛 
After p iterations, we have: 
𝜂𝑛+𝑝 ≈ [∏𝑓̇
𝑝−1
𝑖=0
(𝑧𝑛+𝑖)] 𝜂𝑛 
From the plot of the Lorenz map, we can see that |?̇?(𝑧)|  > 1 for all 𝑧. Then, 
|𝜂𝑛+𝑝| > |𝜂𝑛| which proves that the closed orbit is unstable.   
 
5. Lorenz Systems Quantify their Behavior in Complex Variables 
 
The Lorenz system is described by Lorenz, E.N (1963) as: 
𝑓 ∶  {
?̇? = 𝑎(𝑦 − 𝑥)
?̇? = 𝑐𝑥 − 𝑦 − 𝑥𝑧
?̇? = 𝑥𝑦 − 𝑏𝑧.
                                                           (5) 
Therefore, some important basic features of this system are: 
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1. It is autonomous, which means that time does not explicitly appear on the 
right hand side. 
2. The equations involve only first order time derivatives; so the equation 
depends only on the values of  𝑥, 𝑦, and z at that time. 
3. Due to the terms of 𝑥𝑧 and 𝑥𝑦 in the second and third equations, the 
system is non-linear. 
 4.The system  is dissipative when the following inequality holds : 
     ∇𝑓 =
𝜕?̇?
𝜕𝑥
+
𝜕?̇?
𝜕𝑦
+
𝜕?̇?
𝜕𝑧
 = -𝑎 − 1 − 𝑏 < 0. 
Since parameters a and b, denoting the physical characteristics of the air 
flow, are positive, the inequality always holds and thus solutions are 
bounded. 
5. The system is symmetric with respect to the z axis. This means it is 
invariant for the coordinate transformation given as:    
                               (𝑥, 𝑦, 𝑧, ) → (−𝑥, −𝑦, 𝑧, ) 
The duel form of the Lorenz system expressed in terms of complex variables 
is described by a similar formula (Jones, 1985): 
𝑓 ∶  { 
?̇? = 𝑎(𝑦 − 𝑥)
?̇? = 𝑐𝑥 − 𝑦 − 𝑥∗𝑧
?̇? = 𝑥𝑦 − 𝑏𝑧.
                                                           (6) 
 where x, y and z are complex variables defined as 
 x =  x1 + ix2, y = y1 + iy2, z = z1 + iz2. 
The basic features of this complex form of Lorenz system are similar 
to the aforementioned features. That means it is autonomous, non-linear, 
dissipative with bounded solutions, symmetric with respect to z axis, and 
involves only first order time derivatives. Besides, this complex form is 
equal to the third order Lorenz when the imaginary part of all variables is 
equal to zero. 
Chaos is described as the irregular, unpredictable behavior of 
deterministic, and non-linear dynamical systems. In order to have chaotic 
behavior, simultaneous stretching and folding in the dynamics of the system 
are essential (Ottino, 1989; Tufaile & Tufaile, 2008). Stretching ensures that 
the sensitivity goes to initial condition and folding guarantees that the 
attractor is bounded (Letellier, 2003). Stretching and folding are equivalent 
to positive and negative Lyapunov Exponent in that direction (Ubeyli & 
Guler, 2005). For instance, in the three dimensional Lorenz system, certain 
values of parameters lead to a chaotic system with a hyperbolic instability in 
one direction. This chaotic behavior shows itself by one positive Lyapunov 
Exponent. 
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Hyper-chaos is a more complex form of chaos. In order to achieve 
hyper-chaos, the important requirements are as follow (Wang & Wang, 
2008): 
1.The system should have a dissipative structure. 
2.The smallest dimension of the system should be at least four. 
3. The number of terms giving rise to instability should be more than one. 
Thus, this means the system should expand in at least two directions. Also, at 
least one of the dimension should have a nonlinear function.  
As mentioned above, requirements 1 and 2 are already satisfied for 
the Lorenz system involving complex variables. To satisfy the third 
requirement, the existence of at least two positive lyapunov exponents is 
necessary (Chen, 2006).Therefore, in order to prove chaotic behavior in the 
complex form of the Lorenz system, we evaluated the presence of these two 
positive Lyapunov exponents. 
Using the method reported by Wolf et al. (1985), the corresponding 
Lyapunov exponent spectrums of real and complex Lorenz systems were 
computed by fixing two parameters, a=10 and b=8/3, and varying the third 
parameter, c as the control parameter. The initial conditions in all these 
simulations are the same and equal to [x10, x20, y10, y20, z10, z20] = [0.1, 0.2, 
0.3, 0.4, 1, 2]. 
In addition, the bifurcation diagram was plotted for our systems, 
which is the most useful graphical representation of the sequence of 
bifurcation that take place in the system when the control parameter changes 
(Szemplinska-Stupnicka, 2003). Also, the first return map to the Poincare 
section and the topological entropy of the first return map were computed to 
check the complexity in dynamics for both complex and real based Lorenz 
systems. 
The first return map to the Poincare section is a common tool for 
analyzing the existence and stability of periodic trajectories of dynamical 
systems. It is defined on a hyper-surface, formed by a Poincare section, and 
is transversed to the trajectory of the system (Shiriaev, 2008). In this study, 
these maps were formed by plotting the local maxima of the variable, z (in 
the Lorenz system with real variables), z (in the Lorenz system with complex 
variables), against their next local maxima (at c=30). 
The topological entropy quantifies the degree of complexity of a 
trajectory and it is the most important quantity related to the orbit growth 
(Duarte, 2009). Also, we used the symbolic dynamics of the first return maps 
at c=30 to compute topological entropies by visualizing the complexity of 
the first return maps in the space of symbol sequences (Sella & Collins, 
2010). Comparing the topological entropy of both systems provides a finer 
distinction between the states of their complexity. 
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6. Dynamical Analysis of Lorenz System involving Complex Variables 
The corresponding Lyapunov Exponent spectrums of the System (5) 
(real form of Lorenz equations) and System (6) (complex form of Lorenz 
equation), are shown in Figure 8 and Figure 9, respectively. Also, the 
bifurcation diagrams of the state variables, z, in System (5), and 𝑧1 in System 
are shown in figure 10 and figure 11,respectively.Considering Figures 8-11, 
one can see that the bifurcation diagrams of both systems are in complete 
agreement with their corresponding  Lyapunov  Exponent spectrums. 
Figures 1 and 3 demonstrate that System (5) is chaotic for some 
specific ranges of the parameter, c. Regarding the complex form of Lorenz, 
based on Figures 9 and 11, it is obvious that this system is chaotic for small 
ranges of parameter, c. Therefore, the numerical analysis shows that this 
complex form of Lorenz could evolve to quasi-periodic orbits as well.  
Based on Figure 8, some critical values of parameter c, and their 
corresponding Lyapunov exponents were listed in Table 1 below. 
Table 1. 
C 1 23.9 68.9 71.5 92.2 100 
𝜆1  
0.00907 0.715651 0.236959 0.030498 0.009054 0.013227 
𝜆2 2.66223 0.000308 -0.32936 -0.61033 -0.17723 -0.03342 
𝜆3 10.9789 -14.3071 -13.5473 -10.0569 -13.4799 -13.6265 
 
 Figure 8. Lyapunov exponents spectrum of the Lorenz system involving real variables 
 
Figure 9. Lyapunov exponents spectrum of the Lorenz system expressed in terms of  
complex variables. (a) Auto – scaled; and (b) Magnified. 
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Figure 10. Bifurcation diagram of the Lorenz system involving real variables 
 
Figure 11.  Bifurcation diagram of the Lorenz system involving complex variables 
 
Figure 12.  First return map of the Lorenz system with real variables for c = 30, when the 
Poincare points are the local maxima of variable z. 
For system (5), The dynamics of the system were visualized 
accurately in its bifurcation diagram as shown in Figure 10. The critical 
points are the points at which there is a sudden change in the behavior of the 
system. 
  In the same way, the critical parameter values for the System (6) and 
the corresponding Lypunov Exponents were listed in Table 2. One should 
note that these values are different from the critical parameter values for 
system (5). 
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Considering Figure 8 and 9, Tables 1 and 2, we see that the dynamics 
of the two systems change by increasing parameter c. Besides, Systems (5) 
and (6) have different dynamical behavior for a different range of parameter 
c. This difference is summarized in Table 3. 
When c = 30, the behavior of system (5) and system (6) is chaotic.  
The first return maps of both systems for this parameter value are shown in 
Figure 12 and 13. When visualized, as shown in Figure 12, for Lorenz 
system with real variables, the map is unimodal with two monotonic 
branches split by a cusp. Thus, the point that separates the increasing branch 
and the decreasing branch is a non-differentiable maximum point. 
In contrast, the Poincare first return map is not unimodal for the Lorenz 
system with complex variables as shown in Figure 13. 
These maps, specially the one for System (6),are pretty complicated. 
The convergent approximations of the entropy for both maps were computed 
and are shown in Figure 14 and 15. 
Table 2. Some critical values of parameter c and their Lyapunov exponents for System (6) 
c 1 3 3.5 5.1 6 15.4 27.5 27.8 50 100 
𝜆1 -0.00451 0.004348 0.002791 0.795696 1.558108 0.221139 0.093971 0.500816 7.507858 9.141735 
𝜆2 -0.00834 -0.14935 0.001162 0.153863 0.005425 0.005762 0.007655 -0.02163 0.062105 0.099071 
𝜆3 -2.66177 -0.15714 -0.03026 -0.00341 -0.00118 -0.43745 -0.31439 -0.05344 -0.00125 0.000136 
𝜆4 -2.66288 -0.28416 -0.03884 -0.02571 -0.32573 -0.49748 -0.6361 -0.16921 -1.67095 -1.72657 
𝜆5 -10.9796 -13.35 -13.6179 -13.6495 -12.5572 -4.13576 -0.69013 -1.65545 -4.84548 -3.98444 
𝜆6 -10.9832 -13.3709 -13.6277 -14.5654 -15.9937 -22.1385 -25.6568 -24.9473 -11.5099 -8.36789 
Table 3. Different behaviors of  systems (5) and (6) in different ranges of parameter c and a 
comparison between the two systems 
c 1-3.1 3.1-3.5 3.6-4.2 4.3-23.9 23.9-24.7 24.7-26.7 26.8-27.5 27.6-27.8 27.9-99.6 99.6-100 
Behavior 
of 
system 
(5) 
Fixed 
point 
Fixed 
point 
Fixed 
point 
Fixed 
point 
Transient 
chaos (one 
positive 
Lyapunov 
exponents) 
One 
positive 
Lyapunov 
exponent 
One 
positive 
Lyapunov 
exponent 
One 
positive 
Lyapunov 
exponent 
Chaotic Periodic 
Behavior 
of 
system 
(6) 
Periodic Quasi- 
periodic 
Chaotic Chaotic Chaotic  Chaotic  Chaotic  Periodic Chaotic  Chaotic 
 
Figure 13. First return maps of the Lorenz system with complex variables 𝑐 =  30, when 
the Poincare points are the local maxima of the real part of  variable z 
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Figure 14. Topological entropy of the first return map to the describe Poincare section of 
the Lorenz system involving real  variables c = 30 
 
The topological entropy of the first return maps for system (6) is 
greater than the topological entropy of System (5).This shows that the 
Lorenz system expressed in terms of complex variables is more  complex for 
this value of parameter c.   As mentioned in Table 3, the behavior of system 
(6) changes for different values of parameter c. Figure 16 and 17 
demonstrate some phase portraits of System (6) for some of these values 
when the behaviors are periodic, quasi-periodic, and chaotic. 
 
 
 
 
 
 
 
 
 
Figure 15. Topological entropy of the first return map to describe the Poincare section of 
the Lorenz system with complex variables c = 30 
 
 
 
 
 
 
 
 
 
 
Figure 16. Periodic and quasi- periodic phase portraits of the Lorenz system involving 
complex variables when 𝑎 = 10, 𝑏 = 8 3⁄  and  (a) 𝑐 = 3, (b) 𝑐 = 27.7 and (c) 𝑐 = 3.5 
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Figure 17. Chaotic behavior of the Lorenz System for 𝑎 = 10, 𝑏 = 8 3⁄  and (a) 𝑐 = 3.7, 
(b) 𝑐 = 27.8, (c) 𝑐 = 5.1, and (d) 𝑐 = 51. 
 
7. Conclusion 
This paper explains the dynamics of the Lorenz system involving 
complex variables, and compares it to the Lorenz system with real variables. 
However, both system have the same structure and features. They are 
autonomous, non-linear, dissipative with bounded solutions, symmetric with 
respect to the z axis, and they involve only first order time derivatives. The 
phase portraits, lyapunov exponents spectrums,bifurcation diagrams, first 
return maps to the poincare sections, and the topological entropies of the 
systems prove that it is possible to have chaos in the dual form of the system 
expressed in terms of complex variables. This paper also explains the 
dynamics of the Lorenz system involving butterfly effect and Lorenz 
attractor. Indeed, the steady state trajectory of this system can be attracted to 
limit cycle, a torus, and a chaotic attractor as shown in Figure 16 and 17. 
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